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Abstract 
The 3-uniform hypergraph on vertices [l, , n] and edges of the form {x, y, x + y} has a maximal 
independent set of edges of size Ln/3J unless n = 6,9 (mod 12) when the size is Ln/3J- 1. 
1. Properties of a hypergraph 
In [3] Sedlacek considered properties of a certain hypergraph S, =( V,, E,). 
Here, the vertex set is V, = {i: 1~ idn} and the set of edges is E, = {(i,j, i+j}: 
16 i, j, i +j < n> . This hypergraph is of interest o those studying the (restricted) Schur 
problem of finding the maximal n such that the integers 1, . . . , n can be partioned into 
k subsets uch that the equation a + b = c cannot be solved (for distinct a, b, c) in any of 
the subsets. A k-colouring of the vertices of S, such that there are no monochrome 
edges then provides a partition of the required type. 
A set of edges {el, . . . , e,} in S, is called independent if they are pairwise disjoint. Let 
e(n) be the size of a maximal independent set of edges in S,. We settle the conjecture of 
Sedlacek by proving the following result. 
Theorem 1.1. e(n)=Ln/3] 1 un ess n E 6,9 (mod 12) when e(n) = Ln/3_1 - 1. 
Note that these are the best possible values since the sum of the numbers in 
any edge must be even whereas the sum of the first n integers is odd whenever 
n=6, 9 (mod 12). 
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We prove the result by providing specific sets of independent edges noting that it is 
sufficient to consider the four cases where II E 0,3, 7,10 (mod 12) since for any other 
value m, say, we need only examine the relevant value of n just below m to get an 
acceptable independent set. 
The number of distinct maximal set appears to grow quickly with n, the table below 
giving the number of such up to n = 3 1. 
n 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
c(u) 111122 2 3344455 5 
frequency 1 2 4 6 3 10 25 12 42 8 40 204 21 135 1002 
18 19 20 21 22 23 24 25 26 
5 6 6 6 7 7 8 8 8 
4228 720 5134 29546 4079 35533 3040 28777 281504 
27 28 29 30 31 
9 9 9 9 10 
20505 212283 2352469 16907265 1669221 
(These values and others later in the paper were found by a computer using a short 
Pascal program running on a SUN Spare Workstation.) 
However, as might be expected, the particular sets illustrated here have consider- 
able structure to them. The following result is useful in elucidating that structure. 
Lemma 1.2. (a) The integers { +k: 1 < k<r} can be assigned to {ai, bi: 1 d i<r} such 
that for each i, ai - bi = i if and only if r 5 0, 3 (mod 4). 
(b) The integers ( f k: 1 < k,<r - 1} together with r and r + 1 can be assigned to 
{ai, bi: 1 <i<r} sue h h tf t a or each i, Ui - bi = i if and only if r = 1,2 (mod 4). 
Proof. The three numbers in each of the r equations must add to an even number. 
Hence, for the equations to exist, the sum of the first r integers must be even, whence 
r -0,3 (mod 4) is certainly necessary in case (a). Similar considerations show that 
r = 1,2 (mod 4) is necessary in case (b). 
The other half of the lemma is proved by providing the explicit equations in each 
case. The values of the ai only are given since the equations themselves then determine 
the rest of the data. 
r=4k: 
al=3k+l, a2k+l =2k, a,,=2k- 1. 
For lgi<2k-1, a2i=-2k-l++, 
for l<i<k-1, a2;+1=2k+i, 
for k+l<i<2k-1, azi+l=2k+i+l. 
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r=4k- 1: 
a, = 3k, azkml =2k, adk_i=2k-1, u‘$_2= -1. 
For l<i<2k-2, a,i=-2k+i, 
for lgi<k-2, azi+I=2k+i, 
for k<i<2k-2, azi+1=2k+i+l. 
r=4k+ 1: 
a, =3k+2, a2k+1=4k+2, a4k = 2k, @4k+ t- -1. 
For l<i<2k-1, a2i= -2k+i, 
for l<i<k-1, azi+1=2k+i+l, 
for k+l<i62k-1, azi+l=2k+i+2. 
r=4k+2: 
a,=3k+3, Qk+l=2k+2, U4,+2=2k+ 1. 
For 1 <id2k, Uzi= -2k-l+i, 
for ldibk-1, a2i+I=2k+i+2, 
for k+l<iidk, azi+1=2k+i+3. 
Again the number of possible solutions to the equtaions in Lemma 1.2 grows rapidly 
as r increses: 
r 123456 7 8 9 10 
freequency 1 1 2 2 6 18 44 260 1236 6284 
11 12 13 14 15 
33104 203712 1444280 10399736 75499696 
Lemma 1.3. Let r, CI be positive integers. Then, ifrzO,3 (mod 4) the set of integers 
{2i, c1+ 2i, CI + 2(r + 1 + i): 1 < idr} can be partitioned into r independent edges in 
S, for sujfficiently large n. Similarly, if r E 1, 2 (mod 4), the set {2i, a + 2i, c( + 2(r + i): 
1 <i<r- l}u(cr+4r, a+4r+2} can also be partitioned into r independent edges 
in S,. 
Proof. In the first case take the set of numbers greater than CL, subtract c( + 2r + 2 from 
each, then divide every number remaining by 2 and we have precisely the set-up in 
Lemma 1.2(a). Solving the relevant equations by Lemma 1.2 and working back then 
gives the required partition. The second case follows exactly similarly. 
We can now start writing down the required independent sets for S, in the four 
cases. The first is 
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n=12k: By inspection, the 3k+l sets, (1,6k,6k+l}, (2i+1,5k-l-i,5k+i} 
(l<i<k-1), (i,4k+2+i,4k+2+2i} (2k<i<4k-1) and {5k-1,5k, lOk-l}, are 
independent. 
This leaves the 3k-3 vertices: 2,4,6, . . . ,2k-2, 8k+3, 8k+5, . . . . lOk-3, lOk+l, 
lOk+3, . . . , 12k - 1 unallocated. However, we can then apply Lemma 1.3 (second part) 
with r = k - 1 and tx = 8k + 1 so long as k - 1~ 1,2 (mod 4) to complete the identifica- 
tion of an independent set of size 4k. 
For the other half of this case, we instead first consider the following 
3k+l independent sets: (1, 12k-1,12k}, (2i+1,5k-l-i,5k+i} (l<i<k-1), 
{i, 4k + i, 4k + 2i) (2k d id 4k - 1) and { 5k - 1,5k, 10k - 11. Again these are indepen- 
dent and again we can apply Lemma 1.3 (the first part this time - corresponding to 
k - 1 s 0,3 (mod 4)) to allocate the remaining numbers to a full independent set. 
The proofs of the remaining cases are essentially similar. Each splits into 
two parts depending upon which of the parts of Lemma 1.3 is applicable with about 
three-quarters of the subsets given in the explicit list and the remaining quarter being 
allocated via Lemma 1.3. We therefore just give the explicit lists: 
n=12k+3, k 5 1, 2 (mod 4): 
(1,6k+l, 6k+2}, (5k, 5k+ 1, lOk+ l}, 
{2i+1,5k-i,5k+i+l} (l<i<k-1), 
{i,4k+i+2,4k+2i+2} (2k+ l<i<4k). 
n=12k+3, k = 0, 3 (mod 4): 
{1,12k+2,12k+3}, {5k, 5k+ 1, lOk+ 11, 
{2i+1,5k-i,5k+i+l} (l<iQk-1), 
{i, 4k+i, 4k+2i} (2k+l<ig4k). 
n= 12k+7, k-l,2 (mod4): 
{l, 6k+3,6k+4}, {5k+2,5k+3, lOk+5}, 
{2i+1,5k-i+2,5k+i+3} (ldi<k-1), 
(i,4k+i+4,4k+2i+4} (2k+lgi<4k+l). 
The number 4k + 2 is unused. 
n=12k+7, k-0, 3 (mod 4): 
{1,12k+6,12k+7}, {5k+2,5k+3, lOk+5}, 
{2i+1,5k-i+2,5k+i+3} (ldi<k-1), 
{i, 4k+i+2,4k+2i+2} (2k+ 1 <i<4k+l). 
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The number 4k + 2 is unused. 
n=12k+lO, k = 1,2 (mod 4): 
{1,6k+5,6k+6}, (5k+3,5k+4, lOk+7}, 
{2i+l, 5k-i+3,5k+i+4} (l<i<k), 
{i, 4k+i+6,4k+2i+6} (2k+2di<4k+2). 
The number 6k+7 is unused. 
n=12k+7, k=O, 3 (mod 4): 
{1,12k+9,12k+ lo}, (5k+3,5k+4, lOk+7), 
{2i+l, 5k-i+3,5k+i+41} (l<i<k), 
{i, 4k+i+4,4k+2i+4} (2k+2gi<4k+2). 
The number 6k+7 is unused. 
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